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1 Introduction 

In Cohl (2012) [I], orthogonality and Hankel’s transform are used to generate solutions to 
new definite integrals based on known integrals. In this paper, we use the method of integral 
transforms to create new integrals from a variety of known integrals containing Bessel functions 
of the first kind ,7^. In this method, we use the closure relation for Bessel functions of the 
first kind to generate a guess for a function to use in Hankel’s transform. This guess may be 
incorrect if it does not satisfy the first condition for Hankel’s transform, in which case a new 
definite integral is not generated. If the guess satisfies the condition, restrictions on v must then 
be adjusted to satisfy the other condition of Hankel’s transform. Eor the functions used in this 
paper, superscripts and subscripts refer to lists of parameters. Any exceptions to this will be 
clear from context. 

As far as we are aware, the 40 definite integrals over Bessel functions of the first kind that 
we present in this manuscript, do not currently appear in the literature. An extension of the 
survey presented in this manuscript can be used to mechanically compute new definite integrals 
from pre-existing definite integrals over Bessel functions of the first kind. 

1.1 Application of Hankel’s transform 

We use the following result where for x € (0, oo) we define 

F(r ± 0) := lim F{x); 

fc—)-r± 


see Watson (1944) [3 p. 456]: 
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Theorem 1. Let F : (0, oo) C be such that 

^/x\F{x)\dx < oo, (1) 

and let V > Then 

1*00 1*00 

-(F(r + 0) + F(r — 0)) = / uJy{ur) / xF{x)Ju{ux)dxdu (2) 

2 Jo Jo 

provided that the positive number r lies inside an interval in which F{x) has finite variation. 

The effort described in this paper was motivated by the large collection of Bessel function 
definite integrals which exist in the book “Table of Integrals, Series, and Products” [1]. Not 
counting Theorem [5] (which stands alone), the method of integral transforms was applied to the 
Bessel function definite integrals appearing in Sections 6.51 and 6.52 of [1]. This method can be 
applied to many definite integrals appearing in the remainder of sections appearing in Sections 
6.5-6.7 of m. 

For the definite integrals presented in this manuscript, we have directly verified that ([ID is 
satisfied. This is easily accomplished by analyzing the behavior of the integrands in a small 
neighborhood of the endpoints {0,oo}. For this paper, this technique produced 30 theorems 
including 40 definite integrals which are given below. The method of integral transforms does 
not always succeed in producing new definite integrals because the conditions on the Hankel 
transform ([ID is not satisfied. Some cases of this are shown in Section [7| 



2 Polynomial, rational, algebraic, and power functions 

Theorem 2. Let b,c > 0, n > t £ C \ (— oo, 0]. Then 

(A(a,6,c))2^-^a^-V^(at)da = 2^-^V^F(i/ + i) {^f)" J^{bt)J^{ct). (3) 

A : [0,oo)^ —)• [0,oo) (Heron’s formula JSi), defined by 
A{a,b,c) := s{s — a){s — b){s — c), 

where s = (a + 6 + c)/2, is the area of a triangle with sides of length a, b, and c. 

Proof. We apply Theorem [U to the function Fy'^ ; (0, oo) —)• C defined by 
Fl^^{t) := 2i-"0F F (i. + i) J,{bt)J,{ct), 

where F : C\— Nq —)• C is Euler’s gamma function is defined in |3l (5.2.1)], and Ji, : C\(— oo, 0] —)• 
C, (order) i/ S C, is the Bessel function of the first kind defined in |3l (10.2.2)]. The desired 
result is obtained from Sonine’s formula |6] 

r w u 2-i(A(a,6,c))2-i 

/ .Ju{at)J^{bt)J^{ct)t dt = — 

Jo r (i^ + i) [abcfi 



where Rea > 0, b,c > 0, Rez^ > 


1 

2 - 
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Theorem 3. Let i/ > ^ > 0, a,f5 > 0, 2 G C \ (—oo,0]. Then 



IT Ji,-i{bz) db 


z ^Jv{az), 


( 4 ) 



^J^{az)da 




( 5 ) 


Proof. By applying Theorem[T]to the functions : (0, oo) —^ C and : (0, oo) —^ C defined 
by F^{x) := x~^Jy{ax)^ G^{x) ■= J/j^-iO^x), we obtain the desired results from the 

known integral [U (6.512.3)] 


Jy{ax)Jy-i{l3x)dx = 

where Rei^ > 0. 

Theorem 4. Let v > z ^ 



< 

0 


C\(-oo,0]. 


i 


oo 


1 + 


if /3 < a, 
if /3 = a, 
if /3 > a, 


Then 

Ju{cz)dc = 


K,{z). 


( 6 ) 


Proof. We are given the integral [H (6.521.2)] 

W 

a‘'{b'^ + a^) ’ 

where Reo > 0, 6 > 0, Rei^ > — 1. By applying Theorem [1] to the function : (0,oo) —)■ C 
defined by P“(a;) := a^K^{ax), we obtain the following integral 


/' 


xK,y{ax)Jp{bx)dx 



b^+i 
6^ + a? 


Ju{hx)db 


a'^Ky{ax), 


where Rea > 0, z/ > —x G C \ (—oo,0]. With the substitutions z = ax and c = b/a, we 
obtain the desired result. ■ 

Note that when the method of integral transforms is applied to Fa{x) := aKi{ax) given the 
integral [H (6.521.7)] 


f 


xKi{ax)Ji{bx) 


b 

a{a?‘ + 6^) ’ 


where a > 0, 6 > 0, we obtain the integral generated from [U (6.521.2)] when u = \. 
Theorem 5. Let z G C \ (—oo,0]. Then 
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Proof. We are given the integral [U (6.521.12)] 

/■°o 2a 

/ x^Ki{ax)Jo{bx) = 

Jo 


{a? + ’ 


where o > 6 > 0. By applying Theorem [T] to the function Fa : (0, oo) —)• C dehned by 
Fa{x) := ^Ki{ax), we obtain the following integral 


f 


bJo{bx} „ X 


{aJ + b'^Y 2a 


db = —Ki{ax), 


where a > 0, x € C \ (—oo, 0]. With the substitutions z = ax and c = bja, we obtain the desired 
result. ■ 


Theorem 6. Let z € C \ (—oo,0]. Then 


i 


oo ^2 


-Ko{z). 


( 8 ) 


Proof. We are given the integral [U (6.521.12)] 

roo 2b 

/ x^ KQ{ax)Ji{bx)dx = 

Jo 


(a 2 + 62 ) 2 ^ 


where a,b > 0. By applying Theorem [T] to the function Fa : (0,oo) —)■ C defined by Fa{x) := 
^KQ{ax), we obtain the following integral 


L 


b^Jiibx) X 

jdb = —Ko{ax), 


0 (a2 + 62)2 

where a > 0, x € C \ (—oo, 0]. With the substitutions z = ax and c = bja, we obtain the desired 
result. ■ 

Theorem 7. Let 'y > 0, n > Rea > |Im/3|, z € C \ (—oo,0]. Then 

/*oo 

/ bJu{bz)—^^—^db = Ko{az)Ju{'yz), 

Jo h P 2 “ h) 


(9) 


10 

where h and I 2 are defined as 

1 


/•OO 

/ Cjy{cz) 

Jo 


F 

n 


1^2^11 -ll) 


dc = Ko{az)Jy{l3z), 


'‘ = 2 
h = - 


\/{b + c )2 + a 2 - 1/(6 - c )2 + aJ 
V ^(6 + c )2 + aJ + v ^(6 - c )2 + a 2 


( 10 ) 


( 11 ) 


( 12 ) 


Proof. By applying Theorem [T] to the function Ffi'^ : (0, 00 ) —> C and : (0, 00 ) —^ C 
dehned by Ffi‘^{x) := KQ{ax)Ju{cx), Gu’^{x) := KQ{ax)Ju{hx), we obtain the desired result from 
the known integral [H (6.522.12)] 


f 


xKQ{ax)Ju{bx)Jy{cx)dx = 


F 


/o ^ 2(^2 ^ 1 ) 

where c > 0, Rez^ > —1, Rea > |Im 6 |. 
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Theorem 8. Let Re 6 > Re a, z G C \ (—oo, 0] . Then 

poo 

/ cJo(cz)(a^ + 6^ + + 2a^c^ + =/o(az)R’o(^-s)- (13) 

Jo 

Let Re6 > Re c, 2 : G C \ (— 00 , 0] . Then 

f°° aJo{az) fu \ 

/ ~i 2 - j^da = Io{cz)Ko[bz). 

Jo h ~ n 

where h and I 2 are defined in (ttH) and m respectively. 


(14) 


Proof. By applying Theorem [T] to the function : (0, 00 ) —>• C and : (0, 00 ) —C defined 
by F^{x) := Io{ax)Ko{bx), G’^fix) := Io{cx)Ko{bx), we obtain the desired results from the known 
integrals (see [U (6.522.4)]) 

poo 

/ xIo{ax)Ko{bx)Jo{cx)dx = (a'^ + 5^ + — 2a^b^ + 2a^c^ + 26^c^)“^/^, 

Jo 

where Re 6 > Rea, c > 0, and 

1 

/ xIo{cx)Ko{bx)Jo{ax)dx = 

Jo h ~ n 

where Re 6 > Re c, a > 0, respectively. ■ 

Theorem 9. Let j > 0, n > —1, Rea > |Im/3|, z G C \ (—oo,0]. Then 

I 


00 5^+1 Z^ ^\/ 7 T 

Jy{bz)db = — —^Ky{az)Jyfiyz), 


{q - /f) 2 -+i' 


23-r(z. + i) 


(15) 


I 


00 c ^+3 


Jy[cz)dc = - YTdGu[az)Jy{l3z), 


0 (/ 2 -/ 2 ) 2 .+i 2 ^-T{v + \) 

where li and I2 are defined in (ttH) and m, respectively. 

Proof. By applying Theorem[T]to the functions Fy’^ : (0, 00 ) —^ C, : (0, 00 ) 
by 

23'^r(z^ + i) 


23'^r(z7 + i) 

we obtain the desired results from the known integral [U (6.522.15)] 

r x'^+^Jy{bx)Ky{ax)Jy{cx)dx = > 

Jo V ^ V 2 h) 


(16) 


C, defined 


where Rea > |Im6|, c > 0. 
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Theorem 10. Let 7 > 0, Re/3 > |Ima|, Rea > 0 , Rep > |Reg|, Reg > 0, z £ C \ (—oo,0]. 
Then 


poo 

/ 2a^Ji(az)(a^ + /3^ - 7 ^) [(o^ + /3^ + 7 ^)^ - 4o^7^] ' da = zKo{/3z)Jo{'yz), (17) 

Jo 


/ cJo(cz)(a^ + /3^ — c^) [(a^ + /3^ + — 4a^c^l dc = —Ji(az)Ko{fJz). (18) 

/o J 2 a 



Ji{bz 


26^ (p^ + 6 ^— 7 ^) 


db = zKo{pz)Jo{'-fz), 


(19) 


c{tP‘ “h Z 

Mcz) — dc=—Ji{qz)Ko{pz), (20) 

where li and I 2 are defined in (ttH) and m, respectively. 

Proof. By applying Theorem [T] to the functions : (0, 00 ) —)• C, : (0,oo) C, : 
(0,oo) —)• C, : (0, 00 ) —)■ C defined by F^{x) := xKQ{bx)Jo{cx), G^(x) := ^Ji{ax)Ko{bx), 
H^{x) := xKQ{ax)Jo{cx), I^{x) := ■^Ji{bx)KQ{ax), we obtain the desired results from the 
known integrals (see [U (6.525.1)]) 

x'^Ji{ax)Ko{bx)Jo{cx)dx = 2a{a^ + 6^ — (?) [{a^ + 6^ + c^)^ — 4a^c^] , 

where c > 0, Re6 > jReaj, Rea > 0, 



f 


x^ Ji{bx)KQ{ax)Jo{cx)dx = 


2b{a^ + — (?) 


i?2 - ?1 


2'i3 


where c > 0, Rea > |Im 6 |, Re 6 > 0. 

Theorem 11. hetRea > 0, z/ > —z G C \ (— 00 ,0]. Then 



Ju{bz) 
y/b^ + 4a2 


db = I^i2{az)K^i2{az). 


( 21 ) 


Proof. By applying Theorem [T] to the function : (0, 00 ) —)• C defined by 
F“(x) := I^/2iax)K^/2{ax), 

we obtain the desired result from the known integral [U (6.522.9)] 

) 

xIyi2[ax)K^l2{ax)Ju{bx)dx = b~^{b^ + 4a^)“^^^, 


/ 


where b> 0, Rea > 0, Rez^ > — 1. 

Theorem 12. Let a> 0, v> — 2 ; G C \ (—oo,0]. Then 

Ju{bz) 


L 


TT 


2a Vb"^ - 4a2 


db = --J^i2{az)Y^i2{az). 


( 22 ) 
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Proof. By applying Theorem [T] to the function : (0, oo) —)■ C defined by 

TT 

Kix) ■■= -^Jul2{ax)Y^i2(,ax), 

we obtain the desired result from the known integral [U (6.522.10)] 

r°° r 0 if 0 < 6 < 2a, 

/ xJy/2{ax)Yi./2{ax)Juibx)dx = < 

Jo ' ' \ -27r-i6-i(62-4a2)-V2 if 2a < 6, 

where Rei^ > —1. 

Theorem 13. Let Rea > 0, z/ > Re// > |, 2 : G C \ (— 00 ,Oj. Then 
Ji/(bz^ r, ,,o . o. 1/oi ^ 


/ 


b+{b^ + db = 2^a^/(j,_^)/2(a2;)R(i,+^)/2(az). 


(23) 


/o y/b"^ + da^ L 

Proof. By applying Theorem [1] to the function : (0, 00 ) —C defined by 
:= 2 '"a^/(^_^)/ 2 (ax)R:(^+^)/ 2 (ax), 

we obtain the desired result from the known integral [H (6.522.12)] 

roo P 

/ x/(j,_^)/2(ax)7f(i.+^)/2(ax)Ji.(6x)dx = 2~^a~^b~^{b‘^ + da^)“^/^ 6 + (6^ + da^)^/^ 

do L 

where Rea > 0, 6 > 0, Rei^ > —1, Re (z/ — /z) > —2. ■ 

Theorem 14. Tet jReaj < Re 6 , x € C \ (—oo,0]. Then 

[ cJo(ca:)( 6 ^ + — a^) [(a^ + 6 ^ + c^)^ — da^ 6 ^] dc = ■^Io{ax)Ki{bx). ( 2 d) 

Jo 26 


Proof. By applying Theorem [T] to the function : (0,oo) —)• C defined by F^{x) := 
^Io{ax)Ki{bx), we obtain the desired result from the known integral [dj (6.525.2)] 

1*00 . 

/ x‘^lQ{ax)Ki{bx)jQ{cx)dx = 26(6^ + — a^) [(a^ + 6^ + c^)^ — da^6^] , 

Jo 

where Re6 > iReal, c > 0. ■ 


3 Bessel and Struve functions 

Theorem 15. Let n > 0, z £ C \ (—oo,0]. Then 


fOO 1/1 

I ^ 21 / {2^y~cj dc = Li/ I 

Jo z \z 


Proof. We are given the integral [U (6.51d.l)] 
Ju ^ Ju{bx)dx = h~^J 2 u (2'/aJ)^ , 


/ 


(25) 


where Rez/ > 0, a,6 > 0. By applying Theorem [H to the function F“ : (0, 00 ) —)• C defined by 
F“(x) := x~^Jii (ax“^), we obtain the following integral 


J Ju{bx)J2u ^2v^^ db = X ^ 


where z/>0, a>0, xGC \ (—oo,0]. By making the substitutions x = az, c = ba, we obtain 
the desired result. ■ 
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Theorem 16. Let —^<u<^,z^C \ (—oo,0]. Then 



e*(^+i)^/ 2 R: 2 v 





dc 



(26) 


Proof. We are given the integral [U (6.514.3)] 


^ iP^(6x)dx = 2e-*^/^v^ 


where a > 0, Re6 > 0, |Rez/| < |. By applying Theorem [T] to the function : (0,oo) —)• C 
defined by FI^{x) := bx~^Ky{hx~^), we obtain the following integral 




2 e-*^/Va 6 


ClCL - q l> 

x-^ 


. X , 


where Re 6 > 0, —^ < u < ^, x € C \ (—oo, 0]. With the substitutions x = bz, c = ba, we obtain 
the desired result. ■ 


Theorem 17. Let \v\<^, z^C \ (—oo,0]. Then 


f 


Jy{cz) 


K2u ( 2 ^/^) - 1 ^ 2 . ( 2 V^) 


TT , . /I 


dc = -—Y, 


2z \z 


(27) 


Proof. We are given the integral [U (6.514.4)] 


j^Y,(^)Mbx)dx = -^^ 


TT, 


K2u (2Vab] - —Y2 u ( 2Va6] 


10 '■x^ 

where a,b > 0, jRei^j < i. By applying Theorem [1] to the function F“ : (0, oo) —)• C dehned by 


we obtain the following integral 


poo 

/ Ju{bx) 

Jo 


'TT, 


K 21 , [2Vab] - [2Vab] 




where a > 0, jz/] < ^, x G C \ (—oo,0]. With the substitutions x = az, c = ab, we obtain the 
desired result. ■ 

Theorem 18. Let i/ > —j, jj, > z & C \ (— 00 ,0]. Then 


J J 2 y{cz)Ju Cdc = 2Jy [z^) , 


(28) 


J Jf,{cz)Jf, ] dc = z ^J2fM (y/z) 


(29) 
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Proof. We are given the integral [U (6.516.1)] 

J 2 v {a^/x) Ju{hx)dx = 

where Rez/ > a,b > 0. By applying Theorem [T] to the functions : (0, oo) —)• C and 
G“ : (0,oo) —^ C defined by F}^{x) := 2bJ,y(bx‘^), G“(a;) := x~^J 2 fi (ay/x), we obtain the 
following integrals 

da = 2(jJy [Px'^) , 
db = x~^J2^{ay/x), 

where > 0, > —j, z € C \ (—oo,0]. With the substitutions = bx^, c = ajy/b, 

and y/z = a^/x, c = bja?' respectively, we obtain the desired results. ■ 





Theorem 19. Let v > —1, ^ z ^ C \ (—oo, Oj. Then 



dc = z (v^) , 


dc = 2J^l2{z^). 


(30) 


(31) 


Proof. We are given the integral [H (6.526.1)] 


/ oo Y 

xJ^l2{ax^)Ju{bx)dx = l^Jul2 


4a 


where a, 6 > 0, Re zy > —1. By applying Theorem [T] to the function : (0, oo) —)■ C defined by 
FI^{x) := x~^Jy {b^/x), we obtain the following integrals 



db = 2aJ^i2{ax^), 

where a,(3 > 0, z^ > —1, /i > —x G C \ (—oo, 0]. With the substitutions y/z = jd^/x, c = a/fd"^, 
and x = z^fa^ we obtain the desired results. ■ 



Theorem 20. Let z^>—4, a:GC \ (—oo,0]. Then 


X 

J J2y{ax)J^^ii2{a^)da = -^Ju- 1/2 


(32) 


Proof. By applying Theorem[T]to the function Fy : (0, 00 ) —)■ C defined by Fy{x) := jJy-1/2 
we obtain the desired result from the known integral [H (6.527.1)] 


/■oo 2 

/ J2y{2ax)J^_i/2{x‘^)dx = -aJ^+i/2ia^), 

Jo ^ 


where a > 0, Rez/ > —4. 
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Theorem 21. Let i' > x & C \ (—oo,0]. Then 


r°° X (x^ 

J2v{ax)Jy_i/2{a^)da = -^Ju+ 1/2 ( y 


(33) 


Proof. By applying Theorem[T]to the function Fy : (0, 00 ) —C defined by Fy{x) := | J 1 /+ 1/2 (^%- 
we obtain the desired result from the known integral [H (6.527.1)] 


/■oo 2 

/ J2u{‘2'ax)J^+i/2{x^)dx = -a Ji/-i/2(a^), 

JQ ^ 


where a > 0 , Rei^ > — 2 . 


Theorem 22. Let n > z ^ C \ (—oo,0]. Then 



-2Y,/2{z^). 


(34) 


Proof. We are given the integral [H (6.526.4)] 


/■oo 2 / 

J xY^/2{ax‘^)Jy{bx)dx = 


(- 

V 4a 


where a > 0, Re 6 > 0, Rei^ > —1 and : C —)• C, for 1 / e Nq, is the Struve function 
defined in [3l (11.2.1)]. By applying Theorem [1] to the function : (0, 00 ) —)• C defined by 
F“(x) := — 2 aYyi 2 {ax‘^), we obtain the following integral 



bJy{bx)Tl^l2 



-2aY^l2{ax‘^), 


where a > 0, z/ > —x G C \ (—oo,0]. With the substitutions = ax^, c = bj^/a, we obtain 
the desired result. ■ 


4 Exponential, logarithmic and inverse trigonometric functions 

Theorem 23. Let ly > z G C \ (—oo,0]. Then 

J^{cz)e-^/^c-^dc = 2J^{2^)K^{2^). (35) 

Proof. We are given the integral [U (6.526.4)] 

xJly{2^/azc)Kly{2^/azc)Jy{bx)dx = 

where Rea > 0, 6 > 0, Rei^ > — 1. By applying Theorem [T] to the function : (0,oo) —)■ C 
defined by F“(x) := 2J,^{2y/ax)K^{2y/ax), we obtain the following integral 

b~^ Jy{bx)e~‘^°'/^ db = 2Jy{2^/ax)Ki,{2^/ax), 

where Rea>0, z/>—^, xGC \ (— oo,0]. With the substitutions z = ax, c = hla, we obtain 
the desired result. ■ 
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Theorem 24. Let a > 0, z £ C \ (—oo,0]. Then 


Jiibz) In ( 1- \ db = —TTz ^Yo(az) 


(36) 


Proof. We apply Theorem[T]to the function Fa : (0, oo) —)• C defined by Fa{x) := —7rx~^Yo(ax}, 
where : C \ (—oo, 0] —)• C, (order) S C, is the Bessel function of the second kind defined in 
[21 (10.2.3)]. We obtain the desired result from the known integral jH (6.512.6)] 


f 


b ^ f 6^ 
Ji{bx)Yo{ax)dx = -In ( 1-^ 


vr 


2 / ’ 


where 0 < b < a. 

Theorem 25. Let z £ C \ (—oo,0]. Then 


f 


Ji(c^) ln(l + c"^)dc = 22 ; ^Kq{z) 


(37) 


Proof. We are given the integral jH (6.512.1 


/■oo 1 / 6^ - 

J Ko{ax)Ji{bx)dx = — In ( 1 + ^ ) , 


where a,b > 0 and : C \ (—oo,0] —)■ C, (order) n £ C, is the modified Bessel function of 
the second kind defined in O (10.25.3)]. We apply Theorem[T]to the function Fa : (0,oo) —)■ C 
defined by Fa{x) := 2x~^KQ{ax), and obtain the following integral 


f 


Ji{bx) In I 1 H— a ] db = 2x ^KQ{ax), 


where a > 0, x G C \ (— 00 ,0]. With the substitutions z = ax and c = bja, we obtain the desired 
result. ■ 

Theorem 26. Let a > 0, 2 ; G C \ (—oo,0]. Then 


r2a 


/ ^ ^ Ji{bz)db = ^[Joiaz) - Jo{2az)]. 


IT 

Yz' 


(38) 


Proof. By applying Theorem [T] to the function Fa '■ (0, 00 ) —>• C defined by 
Fa{x) := 

we obtain the desired result from the known integral [H (6.513.9)] 






jQ{ax)Ji{bx)dx = 


Trb 


■ sm 


-1 


2a 


if 0 < 2a < 6, 
if 0 < 6 < 2a. 
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5 Hypergeometric and Legendre functions 


Theorem 27. Let n € Nq, fj. > 0, i' > ^, t £ C \ (— oo,0]. Then 

£ 2F, i-” db = - ") 


V — n ' Q? 


tT{u) 


(39) 




/i - n ’ 


tr(M) 


Proof. By applying Theorem [T] to the functions Gn°^ : (0, oo) —)• C and Hn^ ■ (0, oo) —)■ C 
defined by 


GTit) ■■= 


:= 


”'r(z/— n) 

n!r'^+'^+ir(/i-n)J^_„_i(/3t) 


tr(/r) 


we obtain the desired results from the known integral [H (6.512.2)] 

POO 

I Ju+n {at)Ju-n-i{Pt)dt 

Jo 


,g^-„-ir(^) I 1,^-n p2 


a^~^n\ r{i/—n) 2-^1 


= (-l)"(2a)-i 

0 


V — n 


if 0 < /3 < a, 
if /3 = a, 
if /I > a, 


where Rei^ > 0 and 2 T 1 : x (C \ —Nq) x (C \ [l,oo)) —)■ C is the hyper geometric function 
defined in [3l (15.2.1)]. ■ 

Theorem 28. Let v > — v > —2Re/r — 1, z £ C \ (—oo,0]. Then 

■^-V2+i//2 “*■ ^-l/2+y/2 Ju{cz)dc 

ri -p / u—2^+1 \ 

I 2 ; 






-Uz)K^{z). 


(41) 


Proof. We are given the integral [U (6.513.3)] 

/•oo 

If,{ax)K^{ax)Mbx)dx = •P-V 2+///2 


1 + 


1/2+1//2 


1 + 


4a2 


where Reo > 0, 6 > 0, Rez/ > —1, Re + 2/z > —1 and Pu : C \(— 00 ,1] —>• C, for z/ + /z ^ —N 
with degree v and order and Qu '■ C \(— 00 , 1 ] —)• C, for z/ + // ^ —N with degree v and order 
/i, are the associated Legendre functions of the first [31 (14.3.6)] and second [H (14.3.7)] kind 
respectively. By applying Theorem [T] to the function : (0, 00 ) —C defined by 

p / //— 2//+1 \ 

F/l’“(x) :=- ^Iii(ax)Ku(ax), 

/ 1 /+ 2//+1 \ 
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we obtain the following integral 



P 


- 1 / 2 +I //2 



Q 


- 1 / 2 + 1//2 



Ju{bx)db = 


I/—2/J.+1 

) 

xF 


-fim p 


Ifj,{ax)K^{ax), 


where Re a > 0, u > —Re 2/i — 1, x € C \ (—oo, 0]. By making the substitutions 2 = ax, 

c = bja, we obtain the desired result. ■ 

Theorem 29. Let v > =FRe/i — 1, z S C \ (—oo, 0]. T/ien 



-fj- 

- 1 / 2+!//2 




(42) 


Proof. We are given the integral [U (6.513.5)] 



Ju{bx)dx 


g2/i7rip ^ l+^'+2;j ^ 


bF 




- 1 / 2 + 1//2 



where Re a > 0, 6 > 0, Re (|±/r) > —By applying Theorem [T] to the function : (0,oo) —)■ 
C defined by 


-2/J,7r2p 


Fr(^) : = 


( 1 +^) 


xF 


[^^(ax)]' 


we obtain the following integral 



Ju{bx) 


Q 


- 1 / 2 +J //2 



g—2/j7rip ^ 

xF 


[R:^(ax)]^ 


where Rea > 0, u > =FRe/i — 1, x G C \ (—oo,0]. With the substitutions = ax, 

c = bja, we obtain the desired result. ■ 


6 Jacobi polynomials and Chebyshev polynomials of the first 
kind 


Theorem 30. Let n G Nq, > —n — 1, a,/3 > 0, 2 G C \ (—oo, 0]. Then 




<A/+ 2 n+i (zZ''2')zz da — z [d Ji/(^l3z^, 




Ji,{bz)b''^^ db = z ^a''~^^Jiy+ 2 n+i{az). 


(43) 

(44) 


Proof. By applying Theorem [T] to the functions : (0, oo) —> C and : (0, oo) —C 
defined by Fy{x) := x~^b~’^Jii{hx), G“’"'(x) := x“^a^'''^Jy+ 2 n+i(aa;), we obtain the desired 
results from the known integral [U (6.512.4)] 


/' 

JQ 


Jy+ 2 n+i{ax)Ju{bx)dx = 


b^a-y-ip^^fi) (1 _ 2a-H'^) if 0 < 6 < a, 
0 if 0 < a < 6, 


where Re Z 2 > —n — 1 and 


: C —)• C is the Jacobi polynomial defined in [3l (18.3.1)]. ■ 
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Theorem 31. Let a >t), v> z £ C \ (—oo,0]. Then 


Mbz) (^'\db= |j(.+n)/ 2 (a^)J(,_„)/ 2 (az). 


/o V4a2 - 62 V2« 


(45) 


Proof. By applying Theorem [T] to the function : (0, oo) —)■ C defined by 

TT 

(^) '^( i /+ n )/2 n )/2 (®®)! 

we obtain the desired result from the known integral [U (6.522.11)] 

27r-i6-i(4a2 - 62)-i/2 if 0 < 6 < 2a, 


/ xJ(j,+„)/2(o3:)J(^_„)/2(ox)Ji.(6x)dx = 

/o 0 


if 2 a < 6 , 


where Rei^ > — 1 and : C —)• C, for n £ Nq, is the Chebyshev polynomial of the first kind 
found in [3l (18.3.1)]. ■ 


7 Examples where the Hankel transforms fails 

In the following examples, the potential use of the method given by Theorem [1] fails because 
the condition (JT]) can not be satisfied. This has been verified by analyzing the well-understood 
behavior of the integrands in a small neighborhood of the endpoints {0, oo}. 

• The dehnite integral [H (6.512.1)] withGO’^(x) := a{i', ^)V{i'+l)b~'^x~^ Jy{bx), i7/)’“(x) := 

a(z^, lT)T{i> + l)a'^^^x~^ J^{ax), where a(i^, /i) := P /b . 

• The definite integral [H (6.514.1)] with G^{x) := bx~^Jy{bx~^). 

• The dehnite integral [U (6.514.2)] with F^{x) := bx~‘^Yy{bx~^). 

• The dehnite integrals [H (6.516.2)], [U (6.516.3)], [H (6.516.4)], and [H (6.516.7)] with 
respectively F^{x) := —2bY^{bx‘^), F^{x) := 4:bTT~^Ky{hx^), F“(x) := x~^Y 2 v{a^/x)^ and 

• The dehnite integral [U (6.522.2)] withF/l’“(x) := ^)[i^^(ax)]2, where/3(z/,//) := 

r(|-/r)/r(i + f+ /i). 

• The dehnite integrals [U (6.522.6)] and [U (6.522.8)] with Fa{x) := — | Jo(ax)yb(aa^); and 
G0’“(x) := ^e~‘^f^'^^j3{v,iJ.)K^_i/2{ax)K^^i/2iax), respectively. 

• The dehnite integral [H (6.522.16)] with f1^'‘^{x) := y/Trx'''y{n)Ii,{cx)K,^{bx), where 7(1/) := 
(85c)-7r(z. + i). 

• The dehnite integrals [H (6.526.2)] and [H (6.526.3)] withF,5(x) := 2x~^Y^{b^/x), G])(x) := 
cos( ^)Ki,{by/x) /(27ra;), respectively. 

• The dehnite integral [H (6.526.6)] with F^{x) := \a'K~^Kyi 2 (ax^). 

• The dehnite integral [H (6.527.3)] with Fi^{x) := —xY^j^xj^ /4. 
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